Sample Exam No. 1 Solutions

1 a) The workspace is a two~dimensional curved surface.

b)
link a a d 0
1 a) 90 0 01
L2 a2 0 da 0,
c)
cp O Sy aycy Cy —82 0 agCa
—_ Sy 0 —C1 @181 ], _ 82 c2 0 G289
A=10 1 0 o |FHMT|0 0 1 4
€ic2 —C182 S acy + 51d2 “+ agCiCq
T = A1Aq = §1€2 —s182 —¢1 @181 — c1dy + azs;1¢y
52 €2 0 az82
0 0 0 1

d) Since both joints are revolute

J = |#0Xx(02—00) 21 x (02— 01)
r4s) 21



0 acy aicy + s1ds + +aqcic2

oo=10l; m=1]a181|; o2=] a181 — c1dz + az81¢2
0 ' 0 az82
[ i j k
20 X (02 - 00) = 0 0 1

| a1¢) + s1d2 + az2c1c2 @18y — c1da + azs1c2  azs2

—a;8; + ¢jdy — agsica
0.1C1.+ 31d2 4+ aqc1C2
i 0
i J k
z2y X (02 - 01) = $1 —Cy 0
| s1dz +azcic2 —cidy + agsicy 4283

)l
oy

—a2€182
= ] —QA28182
a2C2
Therefore
[—a18;1 +c1dy —azs1c2  —a2€182
ajcy + s1dz +azcic2 —a28182
0 az¢C2
J =
0 St
0 —C1
L 1 0 .

J always has rank 2. The easiest way to see this is to look at the last three rows
0 81 V

0 —C1 =[ZQ 21].
1 0

These two vectors are always independent since s;, ¢; can never be zero simultaneously.

Physically this means that z5, 2; can never be parallel. Therefore there are no singularities
for this manipulator.
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The direct approach is to write
T =ac; + azcs A 8;81Nn0y

wnere
Yy =a181 + az82 C; = CO8(

and differentiate to obtain
= —alslézl - a282&2
Y = ajc16; + azcaés.

Also, both z-axis are parallel so the angular velocity is just 91 + ég = Q&s.

The Jacobian is therefore

[ —a18y —0:282'1
aici azc¢3
0 0
) =1 ¢ 0
0 0
L O 1

Second solution: From the text we have



-"ail — az812
ay3 +azcy2
0 .
J(6) = 0
0
L 1

where s; = cos#;, etc.

2812
a2€12
0

0
0
1

-

The transformat%gn between 6; and «; is

[231 ==01
az =0+ 6,

or o= [

10
11

The inverse transformation is

1 0]
4 = [_1 l}a.

Therefore

I

£=J(o)d = J([_l1 2] o) [_11

Computing

J(0) [__11 ‘;] =

[ —a3S81 — a2812
aicy + azci2
0

Therefore, since
sinf; = sina; s
cosly = cosa,
C—a1sina

ajcosay

0

0
0
0

0
0
1

014
1

—a2812 ]
+a2c12
0

0
0
1

in(8y + 82) = sina;

cos(0y + 02 = cosoy

1 —-agsinag
9CO0S09

0

0
0
1

a) nonsingular: rank J = 6.

b) singular: rank J =3

g S
a1y
0

0
0
0

2512
azc12
0

0
0
1



- elbov ?tra.ight
- wrist axes aligned
- wrist center intersects zg.

c) singular: rank J = 4
- elbow straight
- wrist center intersects zp.

d) singular regk J =4
- elbow straight
- wrist axes aligned.

Use the equivalent axis/angle representation

Ry = Rk, 65 12 = Rk, ,.

If ky = ky =k, i.e., if the axis of rotation are the sa. 2, then
Rk, .0, Rky,0, = Riy (6,+0,) = Rk, = Rio.Fro, = Riyo, Ry 0,

Thus R1R2 = R2R1.

Conjecture: This is the only way that two rotaiions can comu..

.ier words we
conjecture the following

Theorem: Let R;,R, € SO(3). Then RiR: = ;I if and only if R. and Ry are
rotations about the same equivalent axis.

This conjecture turns out to be true. Wo have already proved half ~f ¥ -mely if Ry, R2
are rotations about the same axis then 7

that is, if RiR, = R2R1 then R; and

¢ Sallic
Proof: We are given 2 facts:

1) R;,R; € SO(3) and 2) R1R; = RyR;.

Let Ry = Ry, ,6,; R2 = Rg, 9,.

The first step is to show that

RiR; = RaRy = S(ky)S(k2) = S(k2)S (k1)

where S(k;), S(k2) are skew symmetric. This can be shown using

Rk = I + S(k)sind + S2(k) vers 4.

The second step is to show that
S(kl)S(kz) = S(kg)S(kl) = k1 = kz.



This can be :<dwn by multiplying out the matrices and equating coefficients. The result
is

R1R2 = R2R1 = k1 = k2

which is the “only if® part of the theorem.



