CHAPTER 4

Given a desired position of the end-effector there are infinitely many solutions of the inverse
kinematics problem

If the orientation of the end-effector is fixed then there are 2 solutions in general.

Suppose we are given position (z,y) and orientation ¢ of the end-effector
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Then given the “wrist center” (z¢,yc) the solutions for (01,02) is given by the 2-link planar

arm solution

9, = Atan (D = V1-— D2);8, = Atan (ze,yc) — Atan (a1 + anCq,a2S2)

where

2 2 42 a2
xc+yc a3 as

2(1,1(12

D=

To find (z.,y.) and 83 note from the diagram below that

I, = T — a3 cosQ oa=—¢

Yo =y — a3 SinQ 3 = ¢ — 01— 02
p
4 — __/ .
e T ~ - -
_ 3> !
s =4

|
| |

Xe X
4—2
&
>
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Again, there are infinitely many solutions for a given end-effector position (z, ).

If the orientation ¢ is fixed then
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I.=1ZT—a cos¢
Ye =Y —a sing
d= /22 +y2

81 = tan"'(y./z.)

4-3
Given p. = (z¢,yc, z.)T, we have from the diagram above
01 = Atan (z.,y.)
d2 =2z.—1m
dz3=r—1m r= /22442
4-4
]
T -
e
d,
777777
dz
given d = | d, | can be reached by setting
dz
d, ds
dy | = | dq
dz dl

27




r31 r32 T33
6 _ _TT —
RS = (RHTR=U = | ryic1+ra181  Ti2¢y +72281  T13c1+T2381
—r31181 + r21€1  —T1181 + r22€1  —Tri13S1 + r23c1

1. If not both u;3 + uq3 are zero, then

05 = Atan(—r1331 + ra3€1, i\ﬁ— (—T1331 -+ 1’2301)2)

a) If the positive square root is chosen

04 = Atan(rgg,rlgcl + T2381)

b = Atan(-}—rusl —ro1€1,—81712 + C1T22)
b) If the negative square root is chosen

04 = Atan(—T33, —7r13C1 — 7'2351)

0 = Atan(-—r1151 + ra2i1€1,81712 — 617'22)
II. If u13 = u3 =0

a) If Ugg = 1

0 =rg3 =7r13€1 + r2gS1 = €485 = 5455 => 55 =0 05 =0°
04 + 05 = Atan(rsy,r11¢1 + r2151) = Atan(ray, —r32)

b)If‘LL33=—1 042‘0, 65=—1 85—_-’-0 05=7I’

94 - 06 = Atan(—r31, —-T32) = Atan(—rucl — Tr2181,—r12¢€1 — T2281)

4-6

link ag oy d; 0;
1 | o | -9 . 0
2 | o 9 | di | 90
3 | o 0 | d 0
4 | o 90 o | 6
5 | 0 90 0 :
6 | 0 0 | de :

* denotes variable

0 0 1
RE=1|0 1 0
-1 0 0

ds

Givendand R p.= | d,

dy
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0 0 -1 Ti1 T2z Ti3 —r3y —Trzz —Tra33
RE=(R})TR=|0 1 0O Te1 T22 Toz | = | Te1 T2 Ta3
1 0 O T31 T3z T33 T11 r12 T13

Equate R§ to matrix (4.4.1).

Suppose that r33 and r,3 are nonzero, then ri3 # +1, so

co=r13, Sg==x4/1—r%; and 0 = Atan (ris, \/1 —r%;)

if sg > 0, choose ¢ = Atan (—r33,r23) and ¢ = Atan (—4;1,712)

However, if r3g3 = ro3 = 0, then ri13 = +1

if rig = +1 8= 0, (}5 + ’L/) = Atan(——rgl,rzl) = Atan(—r31,r32)

friz=—1 8=m, ¢—1=Atan(ra;,r3z2) = Atan(—ry1,—rs2)
if r13 = +1, there are an infinite number of solutions.

dx 13
a) Pec = d — dst = dy —_ ds r23

dz 33
where

i1 T2 T3
R=|ry rog ra3
Y31 T32 Taz

b) Solution I

6, = Atan(pc: ’ pcy)

P gt =l
b= T
02 = ¢ — a = Atan(r,p..) — Atan(dz, d3)

Solution II

01 =7+ Atan(pcza pcy)

r=/p% + P

1 =r?+pl, =dj+d}
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ds = Vr2+pgz_d%
bo=m—¢p—a

02 = m — Atan(r,p.;) — Atan(dz, ds)

Ci€2 —$81 (182
c) R = |sic2 ¢y 159 | found by multiplying A; A, Az and extracting first 3 rows
—S89 0 Ca

and columns.
RS = (R)TR =

C1€27T11 T S1€2T21 — S2T31 C1C2Ti2 + S1C2T29 — S2T32  C1C2T13 + S1C2T23 — SaT33
—S81711 + €1721 —81Tr12 + C1722 —$81713 + C1723
€182T11 + 8182721 + €2731  C1S27T12 + 8182722 + C2Tr32  C€1S2713 -+ S1S2723 + C2ras

Assume r;3 # 0 and Ry3 # 0 then

Cs = C1827T13 =+ 8182723 + CoT33 and

S5 = :i:\/l — (c182713 + 8182723 + €2733)2

if s5 > 0 then

05 = Atan(cysaris + s182723 + coras, \/1 — (c182713 + S182723 + €27r33)?)
04 = Atan(61627’13 + S1¢2r23 — 82733, —S1T13 + C17’23)
6 = Atan{cisariy + 182721 + €aT31, —C1S2T12 — S182722 — c2r3z)

if s5 < 0 then

s = Atan(cys2r13 + 5182723 + €2T33, —\/1 — (c182713 + 8182723 + €2733)?)
b4 = Atan(—clczrls — S1C2T23 + S2733,51713 — C17'23)
06 = Atan{—cis3711 — 5152791 — €2T31,C182712 + S1S2Tgg + c2T32)

if 713 = ro3 = 0 then r33 = £1

ifrga=+1 0s5=0,and b, =7

ifss >0 65 = Atan(c132r11 + 8189721 + €2731, —C182T12 — §1S2T29 — C2T32)
if s5 <0 0¢ = Atan(—cysaryy — 182721 — €aT31,C182712 + 8182722 + C2Ta2)

ifT33=—1 05=7r—02and04=0
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if ss >0 0 = Atan(c132r11 + 8182721 + €27r31, —C182712 — S1827T22 — 62T32)

if S5 < 0 06 = Atan(—0132r11 — 8182r21 — €2r31,C182712 + 8182722 + 627'32)

There are 4 solutions available where 2 are from the inverse position kinematics and 2
come from the wrist inverse kinematics.

link | a a; | d; 8,
1 0 90° d :
2 as 0 d2 ;
3 as 0 0 0;

a)

I, = g — deCsCy
Ye = Yo — deC551

2. = 20 — 20c¢

b)
01 =:¢~—-a
Ye
=1 =
6= tan(22)
o= tan(a3623 -+ a2c2)
d;

Elbow Right

8; = tan(¥) - tan(w)
Ze ds
by =¢+a
Ye
¢ = tan{—)
c
o= tan(ascm + a2c2)
d2
Elbow Left

6, = tan(-z—c) + tan(%%gz—cz)
c 2

by the 2-link planar solution

2 42 g2 2
3 = Atan(d,+v/1 - D?) where D = se + (% 2d1) i
aoazs

f2 = Atan(sc,z. — dy) — Atan(as + azcaazss)
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€1C2€3 — €18283 —C1€283 —C182€3 S
c) R3 = 81€2€3 — 818283 —S81€283 — 8182€3 —C)

82€3 + €283 —8283 + €2C3

U1 U1z Uiz
_(pA\Tp —
u=(R3)"R= |uz1 wuz2 U23

U31 Ugz U33

u11 = rii{cic2cz — c18283) + ra1(s1c2cs — s15283) + rai(szcs + c2$3)

Ugy = —r12(616283 -+ 618263) —_ T21(816233 + 313263) + 7'31(_3233 + 6263)

u3z] = T1181 — r21€1

Uyg = 7'12(61.6263 — ¢18253) + r22(s1c2¢3 — 518283) + T32(82€3 + ¢283)

Ugy = —rio(c1coss + c183¢3) — raa(s1€283 + S152¢3) + T32(—$283 + cac3)

U3y 1281 — r22€1

u13 = riz(c1c2es — c158283) + raz(sicaca — 518283) + raa(sz2ca + c283)

uzs = —r13(c1c283 + c152¢3) — raa(s1c2s3 + S152¢3) + raz(—s283 + ca2¢3)

U3z = 71381 — 723¢€)

Inverse orientation solutions

I. Suppose not both u;3,u23 are zero
05 = Atan(u33 + \/ 1-— uga)

a) If the positive square root is chosen
04 = Atan(ui3,ua3)

f¢ = Atan(usy,uss)

b) If the negative square root is chosen
04 = Atan(—uy3, —u23)

0 = Atan(ugy, —usz)

II. If uy3 = uqe3 =0

a) Andifugz=1; 65=0

04+ 05 = Atan(uyy,uz2)

b) Or if U3z = —1; 05 =T

04 — 0g = Atan(—un, —ulz)
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4-10 Using Figure 3-21 and given d and

ris r13
pc.=d —ds | r23 | but d5s = 5.125 so p. =d — 5.125 | r23 [ . There are two solutions for
r33 ra3

61: 01 = Atan(pez,pcy) and 8, = m + Atan(pez, Pey)-
Once 6, is chosen, 82 and 63 reduce to the 2 link manipulator solved in Chapter One.

1. 01 = Atan(pcz’pcy)

define r = |/p2, + p?, and 1> = p?, + p?, + pZ, and D = ¢z = I* - af — a3/2aza3 but
as = ag =9

D=1%-162/162=12/162 -1 s3=++/1— (12/162 — 1)2 = £1/9/1 —12/324

For elbow down 63 = Atan(12/162 — 1,1/9+/1 — [2/324)

02 = Atan(r,pcz) - Atan(a2 + 0.363,0,383)
= Atan(r,p.z) — Atan(9(1 + ¢3),9s3)

= Atan(r,p..) — Atan(l2/18,1\/1 — 12/324)
For elbow up, 03 = Atan(l2/162 — 1,—1/9./1 — 12/324)
8, = Atan(r,p.;) + Atan(9(1 + c3),9s3)

= Atan(r,pcz) + Atan(1?/18,—1/1 — 12/324)

II. 6 = + Atan(Pcm Pcy)

For elbow down, 63 = Atan(i?/162 — 1,1/9+/1 — 12/324) but
2 = m — Atan(r,p.;) + Atan(9(1 + ¢3), 9s3)

=1 — Atan(r,pc.) + Atan(I®/18,13/1 — 12/324)
For elbow up, 83 = Atan(12/162 — 1,—1/9+/1 — 12/324)

02 = m — Atan(r,p.,) — Atan(9(1 + c3), 9s3)

= — Atan(r,p..) — Atan(l®/18,—1\/1 — 12/324)
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u = RSTR =
C1€23T11 + S1€23T21 — S23731 €1€23T12 + §1€23T22 — $23T32 €1€23713 + S$1C23723 — $23733
—C1823711 — S§1823721 — €23731 —C1823712 — §1823T22 — €23732 —C18237T13 — S1823T723 — €23733
—81711 + €172 —$1712 +C1722 —S81713 + €1723

If U13 = U23 — 0 and uzz =1

4 + 05 = Atan(cicaariy + S1€23721 — S23T31, —C1S23T11 — S1823T21 — C23731)
If Uza = -1

04 — 05 = Atan(——clc23r11 — §1€23T21 + 823731, —C1C23T12 — $1C23T22 + 523T32)
For left arm solution: Equation 4.3.11 becomes

6, = ¢ — a = Atan(pz,py) — Atan(/r? — a?,a1)

where

r=4/p:+p?

and Equation 4.3.12 becomes

9, = Atan(~/r? — a?,s)

where s = p, — d3

For right arm solution:

by =2r—v7+¢=9¢—1

where v = Atan(a,, \/m?) so that Equation 4.3.11 becomes

9, = Atan(p,py) — Atan(a,, \/72_~—21-%) and Equation 4.3.12 becomes

2 = 7+ Atan(y/1% — a?,s)

Note: Equation 4.3.6 is incorrect in the argument of the Atan function and should be
corrected as follows:

(4.36) = Atan(s/7Z — &, dy) = Atan(y /2 + 93 — &, dy)
Equation 4.37 also needs to be modified in the following way.

(4.3.7) 81 = Atan(p;,py) — Atan(dy,/p? + p2 — d?)

For consistency, 8, for the right arm solution should be measured from the same zero
configuration as the left arm, so that Figure 4-7 becomes
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Using this definition for §,, Equation 4.3.7 becomes

81 = Atan(pz,py) — Atan(—+/r2 — d%,d,).
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