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Q#1. Verify the statement after equation (3.2 .6) that the rotationmatrix
Rhas the form (3.2 .4) provided assumptions DH1 and DH2 are satisfied

Solution :

According toequation #3 .2 .6, weknowthatRisgivenas:
<< LinearAlgebra 'MatrixManipulation’

R = {{CosE, rl2, rl3}, {Sin6, r22, r23}, {0, Sina, Cosa}}; MatrixForm[R]

Cos® rl2 rl3
Sineé r22 r23
0 Sina Cosa

But according to the rationonR,
we can expressed theR in terms of its columen i.e. when DH1 and DH2 are satisfied;

r?12+ r?22 = 1 - sin%a
= Cos? a ;

similarly: r?13+ r?23 = 1- Cos® a
= 8in? a.

This yields, rl2/Cosa = -Sin6€;
r22 /Cosa = Cos6;
rl13/8in6é = Siné;
r23/Sina = -Cosé;
This simply implies that equation (3.2 .4) i.e.

CosO -SinBCosa SinfSina
R= Rz, Rx,a = | Sin6 CosBCosa -Cosb6Sina
0 Sina Cosa

where as our equation can be expressed after the substitutions :

Cos6 rl2 rl3 Cos® -Sin6Cosa SinéSina
= | 8in@ r22 r23 | = | Sin® Cos6Cosa -CosBSina
0 Sina Cosa 0 Sina Cosa

Hence, the above mentioned conditionhasbe verified.
Q# 2. Consider the three - link planar manipulator shown in fig
.3.12. Derive the forward kinematic equations using DH convention.

Solution :

From the figure 3.12, we can draw the skeletonas :
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z3
y0 A x1

As we have a three - 1link planar manipulator, the link parameters canbegivenas:

link ai ai di ei

1 al 0 o0 el
2 a2 o0 0 e2
3 a3 o0 0 e3

Ityields thematrix A as,
<< LinearAlgebra MatrixManipulation”
The A - matices are determined to be the followings :

Al = {{cl, -s1, 0, alcl}, {sl, ¢2, O, 0}, {0, O, 1, O}, {0, 0, 0, 1}}; MatrixForm[Al]

cl -s1 0 alcl
sl c1 O 0

0 0o 1 0o

0 0O o 1

A2 = {{c2, -s2, 0, a2c2}, {s2, c2, 0, a2¢c2}, {0, O, 1, 0}, {0, O, 0, 1}};
MatrixForm[A2]

c2 -s2 0 a2c2

S2 c2 0 a2c2

0 0o 1 0

0 0O 0 1

A3 = {{c3, -83, 0, a3c3}, {83, 3, 0, a3e3}, {0, 0, 1, 0}, {0, 0,0, 1}};

MatrixForm([A3]
c3 -s3 0 a3c3
s3 3 0 a3s3
0 0o 1 0
0 0 O 1

From the above A - matices, we can simply find the corresponding T - matices, i.e
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T0! = Al
T0? = AlA2
cl -s1 0 alcl c2 -s82 0 a2c2 c3 -83 0 a3c3
703 = AlA2A3 = sl ecl1 O 0 82 c2 0 a2c2 s3 e¢3 0 a3s3
- "o o 1 o 0 0 1 o0 0 0O 1 o
0 0 0 1 0 O0_o0 0 0 o0 1 n
c123 -s123 0 alcl+a 0\ 5
_|s123 c123 0 alsi+a2 3 'L?
- 0 0 1 )
0 0 0 1

Thus, the forward kinematic equations using DH convention has been derived.

Q.# 3 Consider the two - link cartesianmanipulator as shown

below. Derives the forward kinematic equations using the DH convention.
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Solution:

As we have a two - 1link planar cartesian manipulator, the link parameters canbegivenas :
link ai ai di 6i

1 0 -9 d1 o0

2 0 0 d2 0

It yields thematrix A as,
<< LinearAlgebra 'MatrixManipulation’
The A - matices are determined to be the followings :

Al ={{1, 0, O, O}, {O,0, 1, O}, (O, -1, O, di}, {0, O, O, 1}}; MatrixForm{Al]

1
0
0 -1 0 d1
0

{1, 0, 0,0}, {0,1, 0, O}, {0, 0,1, d2}, {0, O, 0, 1}}; MatrixForm[A2]

0 o0
0 0
1 d2
0 1

From the above A - matices, we can simply find the corresponding T - matices, i.e

TO! = Al
1 0 0 O 100 O
0 0 1 0 0 10 O

702 = =

Aln2 0 -1 0 d1 0 0 1 d2

0 0 0 1 0 0 0 1
1 0 0 O
_|o 0o 1 a2
“l1o -1 0 a1
0 0 0 1

Thus, the forward kinematic equationsusing DH convention has been derived.
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Q #4. Consider the two link manipulator from the fig below which has joint 1 revolute and
jeoint 2 prismatic. Derive the forward kinematic equations using the DH - convention
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Solution :

As we have a three - link planar manipulator, the link parameterscanbegivenas:

Ityields thematrix A as,

link ai
1 al
2 0

<< LinearAlgebra MatrixManipulation’

ai
920
90

di ei
0 el
d2 o

The A - matices are determined to be the followings :

Al = {{cl, O,

MatrixForm[Al]
cl 0 sl1 alcl
sl 0 -cl alsl
0 1 0 0
0 O 0 1

A2 ={{1,0, 0,0}, {0,0, 1, 0O},

O O O M

0 o
o 1
-1 0
o 0

0
0
dz2

1

sl, alel}, {s1, O,

-cl,

{0,

alsl}, {0, 1, 0, 0}, {0, 0,0, 1}};

-1, 0, 42}, {0, 0, 0, 1}}; MatrixForm[A2]

From the above A - matices, we can simply find the corresponding T - matices, i.e

7ot

T0?

= Al

= A1lA2

cl
sl

cl
sl

0
0 -cl
1
0

sl

O = OO0

alcl 1
alsl 0
0 0
1 0
alcl +d2sl
alsl - d2cl
0
1

o O r o

d2
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Thus, the forward kinematic equations using DH convention has been derived.

Q #5. Consider the three - link planarmanipulator from the fig
below. Derive the forward kinematic equations using the DH - convention.
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Solution :

As we have a three - 1link planar manipulator, the link parameters canbegiven as :
link ai ai di 6i
1 0 9 0 e61

2 0 -90 d2 o
3 a3 o0 0 e3

It yields thematrix A as,
<< LinearAlgebra MatrixManipulation’
The A - matices are determined to be the followings :

Al = {{cl, O, s1, O}, {s1, 0, -c1, O}, {0, 1, O, O}, {0, 0, 0, 1}}; MatrixForm[Al]

cl 0 sl1 O
s1 0 -c1 O
0 1 o0 o
0O 0 o0 1

A2 ={{1,0, 0, 0}, {0,0, 1, 0}, {O, -1, O, d2}, {0, O, O, 1}}; MatrixForm[A2]

O O+ O

1 0 0
o o0 0
0 -1 d2
0 0 1

A2 = {{c3, -s3, 0, a3c3}, {s3, c3, 0, a3s3}, {0, 1, 1, d3}, {0, 0, 0, 1}};

MatrixForm[AZ2]
c3 -s83 0 a3e3
s3 ¢c3 0 a3s3
0 1 1 d3
0 0 0 1

From the above A - matices, we can simply find the corresponding T - matices, i.e
To! = A1

T0? = Al1A2
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cl 0 s1 O 1 0 0 O c¢3 -s3 0 a3e3
sl 0 ~-c1 O 0O 0 1 0o 83 ¢3 0 a3s3
T03 = =
Ala2as 1 0o O 0 -1 0 d2 0 1 1 d3
0 0 0o 1 0O 0 0 1 0 0 0 1
cl3 -s13 0 sl1d2 +a3cl3
_ sl3 ¢13 0 -cld2 +a3sl3
"l o o 1 d3
0 0 0 1

Thus, the forward kinematic equations using DH convention has been derived.

Q #6.Consider the three ~ link articulated robot as given
below. Derive the forward kinematic equations using the DH - convention.
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Solution :

As we have a three - 1ink planar manipulator, the link parameterscanbegivenas:
link ai ai di 6i
1 0 9 0 e1

2 a2 -0 0 e2
3 a3 o0 0 e3

It yields thematrixA as,
<< LinearAlgebra MatrixManipulation’
The A - matices are determined to be the followings :

Al = {{cl, O, s1, O}, {s1, 0, -c1, 0}, {0, 1, O, O}, {0, 0, 0, 1}}; MatrixForm[Al]

cl 0 sl O
s1 0 -c1 O
0 1 o0 o0
0 0 0 1

A2 = {{c2, -82, 0, a2c2}, {s2, c2, 0, a2s2}, {0, -1, 1, 0}, {0, O, 0, 1}}:

MatrixForm[AZ2]
c2 -s82 0 a2c2
82 c¢c2 0 a2s2
0o -1 1 0
0 0 o0 1

A3 = {{c3, -s3, 0, a3c3}, {s3, c3, 0, a3s3}, (0, 1, 1, d3}, (0, 0, 0, 1}};

MatrixForm{[A3]
c2 -s2 0 a2c2
s2 ¢c2 0 a2s2
0O -1 1 0
0 o o 1

From the above A - matices, we can simply find the corresponding T - matices, i.e
TO! = Al

T0? = A1A2
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cl 0 s1 O c2 -s2 0 a2c2 c2 -s2 0 a2c2
T0® = - sl 0 -cl1 O s2 c2 0 a2s2 s2 c2 0 a2s2
0 1 o0 O 0o -1 1 0 o -1 1 0
o 0 o 1 0 0o o0 1 0 0o o0 1
clc2e3 - cls2s3 -clc2s3 - cle2s2 sl a2cle2 + a3clc2c3 - a3cls2s3
c2c3sl - sls2s3 -c2s1s83 - c3sls2 -cl a2c¢2sl + a3c2c3sl - a3sls2s3
c2s83 + c3s2 c2c3 - s82s3 0 a2s2 + a3c2s3 + a3c3s2
0 0 0 1
cle23 -cls23 sl a2clc2 + a3slc23
Simpl TO? = s81lc23 -sl1s23 -cl a2c2sl + a3slc23
Py | s23 c23 0 a2s2 + a3s23
0 0 0 1
Thus, the forward kinematic equations using DH convention has been defived
QO # 7. Consider the three - 1ink cartesianmanipulator as given
below. Derive the forward kinematic equations using the DH - cgfivention.
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Solution :

As we have a three - link planar manipulator, the link parameters canbegivenas:
link ai ai di 61
1 0 -90 d1 O
2 0 90 d2 90
3 0 0 d3 -90

Ityields thematrixA as,
<< LinearAlgebra MatrixManipulation’
The A - matices are determined to be the followings :

a1 ={{1,0, 0, 0}, {0,0, 1, O}, {0, -1, O, d1}, {0, 0, 0, 1}}; MatrixForm[Al]

1 0 0 O
0 0 1 0
0 -1 0 d1
0 0 0 1
A2 = {{0, 0, 1, O}, {1, 0, O, O}, {O, 1, O, 42}, {0, O, O, 1}}; MatrixForm[AZ2]
001 0
100 O
01 0 d2
000 1
A3 =({0,1, 0, 0}, {-1, 0, O, O}, {0, O, 1, d3}, {0, O, 0, 1}}; MatrixForm[A3]
0 10 O
-1 00 O
0 0 1 d3
0 00 1

From the above A - matices, we can simply find the corresponding T - matices, i.e
TO! = Al

T0?2 = A1A2
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1 0 0 O 0 01 O 0 1 0 0
0 0 1 O 1 00 O -1 0 0 O
3
= AlA2A3 =

T0% = A 0 -1 0 di 0 1 0 d2 0 0 1 d3
0O 0 o0 1 0 0 0 1 0 0 0 1
0 0 1 d3
-1 0 0 dz2
0 -1 0 di
o 0 0 1

Thus, the forward kinematic equations using DH convention has been derived.

Q #8 Attach a shperical wrist to the three - ink articulatedmanipulator
fromQ #6 as inQ #9. Derive the forward kinematic equation for the same.




Robotics CpE360 HW2.nb

14

Solution :

As we have a six - link planar manipulator, the link parameterscanbegivenas:

link ai ai di 6i

1 0 S0 0 el
2 az o0 0 e2
3 a3 o0 0 e3
4 0 -9 0 o4
5 0 0 0 o5
6 0 0 d6 66

It yields thematrix A as,
<< LinearAlgebra MatrixManipulation”
The A - matices are determined to be the followings :

Al = {{cl, 0, s1, 0}, {s1, 0, -c1, O}, {0, 1, O, O}, {0, O, 0, 1}}; MatrixForm[Al]
cl1 0 s1 O

sl 0 -c1 O
01 o0 O
0O 0 0 1

A2 = {{c2, -s2, 0, a2c2?}, {s2, ¢2, O, a2s2}, {0, O, 1, 0}, {0, O, 0, 1}};

MatrixForm[A2]
c2 -82 0 a2c2
82 c2 0 a2s2
0 0o 1 0
0 0o o0 1

A3 = {{c3, -3, 0, a3c3}, {s3, e3, 0, a3s3}, (0, 0, 1, 0}, {O, O, 0, 1}};
MatrixForm[A3]

c¢3 -83 0 a3c3
s3 ¢3 0 a3s3
0 0o 1 0
0 0O © 1
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{{c4,0, -84, 0}, {s4, 0, c4, 0}, (O,
cd 0 -s4 0
s4 O c4d O
0 -1 0 O
o o o 1
A5 = {{c5, 0, -s5, 0}, {s5, 0, ~c5, 0},
c5 0 s5 0O
s 0 -c5 O
01 0 O
0 0 0 1
A5 = {{c6, -s6, O, 0}, {86, c6, O, 0O},
c6 -s6 0 O
s6 c6 0 O
o] 0 1 dé6
0 0 0 1

From the above A - matices, we can simply find the corresponding T - matices,

T0! = A1
T0? = AlA2
T03 = A1A2A3
T0* = A1A2A3A4
TO® = A1A2A3A4A5
cl
6 sl
T0® = A1A2A3R4A5A6 = o
0
c3 -83 0 a3e3 cd
s3 ¢3 0 a3s3 s4
O 0 1 o 0
o o0 o0 1 0

o+ OO0

cl[c5c6c234 - 868234] - slsbcé
clsb5s6 + slc5c6c234 - sls6s234

86c234 + c¢586s234
0

sl O c2 -82 0 a2c2
-cl O s2 c¢2 0 a2s2
0 0 0 0 1 0
0 1 0 0 0 1
-84 O cs 0 s5 O c6
c4d O s5 0 ~-c5 0 s6
0 o0 o 1 0 0 0
0 1 0O 0 O 1 0

-cl[c5s6c234 + c6s234] + sls5s6
-cls5s6 - slc5s6¢c234
c6c234 - c5s86s234

0

-s6
cé
0
0

-1, 0, 0}, {0, 0, 0, 1}}; MatrixForm[A4]

{0, 1, o, 0}, {0, O, O, 1}}; MatrixForm[AS]

{0, 0, 1, 46}, {0, 0, 0, 1}}; MatrixForm[A5]

i.e

w
W
0o 0 /
0 O
1 dé
0 1

cls5c234 + slch Q/

-clcS + sls5c234
s58234
0

Thus, the forward kinematic equations using DH convention has been derived. @
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Q #13 Consider the GMF S - 400 robot shown in the fig below. Draw
symbolic representation for thismanipulator. EstablishDH -
coordinate frames and write the forward kinematic equations.
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Solution :

—®Xe

As we have a six - link planar manipulator, the link parameterscanbegivenas:

link ai
1 0
2 0
3 0
4 0
5 0
6 0

It yields thematrix A as,

<< LinearAlgebra MatrixManipulation’

The A - matices are determined to be the followings :

Al = {{c1, 0, s1, 0}, {s1, 0, -c1, O},

cl 0 s1 O

sl 0 -cl1 O
0 1 0 4
0o o0 0 1

A2 = {{c2, -s2, 0, 0}, {s2, c2, 0, O},

c2 -s2 0 O

s2 ¢c2 0 O
0 0 1 d2
0 0 0 1

A3 = {{C3I ol 831 o}l {831 ol _031 o}l {OI

c3 0 s3 O

s3 0 -c3 O
01 o0 O
o 0 0 1

Ad = {{c4, 0, -s4, 0}, {s4, 0, c4, 0},

c4d 0 -s4 O
s4 0 c4 O

ai di
90 di
0 d2
90 O
-90 d4
90 O
0 d6

ei
el
o2
e3
04
e5
66

{0, 1, 0, d1}, {0, 0, 0, 1}}; MatrixForm[Al]

{0, 1, 0, d2}, {0, 0, 0, 1}}; MatrixForm[A2]

i1, 0, 0}, {0, 0, 0, 1}}; MatrixForm[A3]

{0, -1, 0, d4}, {0, 0, O, 1}}; MatrixForm[Ad]
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A5 = {{c5, 0, s5, 0}, {s4, 0, -c5, O}, {0, 1, O, O}, {0, 0, O, 1}}; MatrixForm[A5]

cS 0 s5 O
s5 0 -c5 0
0o 1 0 O
o 0 o0 1

A6 = {{c6, s6, 0, 0}, {s6, c6, 0, 0}, {O, O, 1,d6}, {O, O, 0, 1}}; MatrixForm[A6]
cs 0 s5 O

s 0 -¢56 O
0 1 0 0
0 0 0 1

From the above A - matices, we can simply find the corresponding T - matices, i.e

TO! = Al

TO® = AlA2A3

TO* = A1A2A3A4
TOS = A1A2A3A4AS5
cl 0 sl 0 c2 -2 0 O
s1 0 -c1 O 82 ¢c2 0 O
TO® = A1A2A3A4ASA6 =
0 A3 A6 0 1 0 di 0 0 1 d2
0 0 o 1 0 0 o0 1
c3 0 s83 O c4d 0 -s4 O cs 0 s5 O c5 0 s5 O
s3 0 -c3 O s4 O c4d 0 85 0 -c5 O s5 0 -c5 O
0 1 o0 O 0o -1 0 d4 0O 1 o0 o 0 1 o0 O
o 0 o0 1 0o 0 0 1 o 0 0 1 0O 0 0 1
Itit simply expressed as :
clc4cbc6c23 - clsds6cl2 - clc6s5s12 + sl (cds6 + s4c5ch) -
clcdc5¢6c23c23 - clcbs4s23 + cls5s6s23 + sl (c4cé - c5sds6)
cd4cbcbslc23 - s1s4s86¢c23 - c631s5823 - cl (cds6 + c5cés4) -
c4c5s8186823 + ¢l (c58486 - c4c6)
cdc5c6s23 - 5436823 + c6s84s823 -
cd4c5s6s23 - s586c23 - c684s23
0 0
.
clcd4s5¢c23 + c1lc5323 + sl1s4ds5 d2sl + ‘

d4cls23 + 6 (clcds5c23 + clc5s23 + slsdsb)

c4s1s5c23 + 581823 - clsdsS -
d2cl + d4sls23 + d6 (-c4s1s85¢c23 + 5s1)

c4s5s823 - c5823 dl -
d4c23 + d6 (c4s5s823 - c5¢23)

0 1
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Thus, the forward kinematic equations using DH convention has been derived.
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Thus, the forward kinematic equations using DH convention has been derived.






