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CHAPTER 3

From Equation (3.2.6) we know that R has the form

cy T2 T13
R=|sg rog ro3
0 sa ¢Ca

Since R is a rotation matrix the column vectors satisfy
2 2 _ 2 _ 2
riz T rae =1—s5 =¢
2 2 _ 2 _ 2
rig T ra3 =1—c¢, = s,

Therefore there is a unique angle § such that

7’12/Ca = —S8¢; 7'22/Ca = Cq

r13/sa =88 ; Ta3/Sa = —cg

and the result follows.

In each of the following problems 3-2 to 3-7, the figure shows the DH-coordinate frames.
Then a table of DH-parameters is given followed by the corresponding A matrices and the
T matrix giving the transformation between the base frame and the end-effector frame.

link ag ay d,‘ 9,‘

1 a 0 0 0,

2 aq 0 0 02

3 as 0 0 03
l’c1 —-s1 0 aeg cg —c¢2 O

_{ St Ci 0 ai181 . __ | 82 C2 0 aog 89

Ar = [o 0o 1 o |47 o o 1
0 0 o0 1 0 0 O

O OO

aszc3
agzss




c123 —S123 0 aje; +azcyg +aszcyos
S123 €123 O a;s; +azsiz +azsyos
T(:?:Al A2 A3: 0 0 1 0
0 0 0 1
/ a’.
X
link a; oy d,’ 9,;
1 0 -90° d, 0
2 0 0 d, 0
1 0 0 O 1 0 0 O
0O 0 1 o0 01 0 o0
A1_0—10d1’A2"001d2
0 0 0 1 0 0 0 1
1 0 0 O
0 0 1 d
2 _ _ 2
To=dida= 14 ) ¢ d,
0O 0 0 1

15




link a; (o 24 d,‘ 0,_'
1 ai 90 0 01
2 0 90 d2 0
Feq 0 81 ayc
s 0 —c¢; a8 . .
A=l 1 o o |7 A7
L 0 0 O 1
[c1 —3$1 0 aic; + d281
T2 [t 1 0 aisi—dacy
0 0o 0 1 0
L O 0 O 1

Ci 0
_ St 0
Ar=19 1
0 0

To3 = A1A2A3 =

S1 0
—Ci 0
0 ol A2
0 1
€13 —S13
S13 €13
0 0
0 0

T r1 0
0O O
0 -1
LO O

0 s3ds +azcis
0 —C]_dz + aszsis
1
0

ds
1

o O~ O
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link a; Qg d; 0;

1 0 90 0 01

2 as 0 0 02

3 as 0 0 03
f¢; O S1 07 c2 —s2 0 ageq c3 —s3 0 ages
_1s1 0 —c1 O] |82 e2 0 azs: |83 ¢c3 0 azss
A‘“o100’A20010’A30010
L0 0 O 1. 0 0O O 1 0 0 O 1

(711 T2 iz dg
TS = |72 T2 T dy
r31 T3z T3z d,
L O 0 0 1

where:

T11 = €1€2€3 — €182583 = €1C23
r12 = —C€1€283 — €1€352 = —C1823

13 = 81

dr = azcicy + azcycacs — 318283 = @2€)C2 + agC1€a3

21 = €2€351 — 518283 = §1C23

T22 = —C28183 — €38152 — —S§1823
T2z = —¢C1
dy = a2€28) + a3C2€35) — a3518283 = A2C28] + @351C23

r3)] = €283 + €382 = S23

r32 €2€3 — 5283 = C23

ras =0

d; = az82 + a3zc283 + azcasy = a8 + azso3
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90°
—90°

s,

N
*3

dy
ds

90°

o
—90°

a;

s A

link

3-7

oo -g -
o0 -0

~ O O O

o | [ BN e)

0 ascs
0 azsa
0

ay
90°

a;

link

N M O

|

1

—53
€3
0 1
0 O

¢3
83
0

0 aqC2

0 anSa
0
1

—82
€2
0
0

C2
S$2
0
0

S1 0
- 0
51 oli A2=
0 1

0
0
1

Ci
S1
0
LO O
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ryp riz iz ds

T6 — |21 T2z 23 dy
r31 T3z 733 d;

0 0 0 1

T11 01[05060234 - 563234] — §185Cq

ri2 = —ci[csSeca3a + 65234 + 518556

T13 = €185C234 T S1C5

dy = azcicg + agc1caz + dslc1SsCa34 + S165]
T21 = €18586 T S1€5C6C234 — 51565234

T22 = —C15586 — 51€556€234

ro3 = —C1C5 + $185C234

dy = azs1cg + agsycas — dglcics + 5155C234]
T31 = S6C234 + €5565234

32 C5C234 — €5565234
33 = S58234

dy = az52 + azs23 + deS5S234
Attaching a spherical wrist to the robot of Problem 3-7 gives

!
6 _ 36
TS = T§ /T3

The matrix T3 is given as in Problem 3-7. The matrix ¢ is given by Equation (3.3.11) of
the text. Therefore

—CgS5 S5S¢ Cs d3 -+ d665
T6 — | TC4¢5Ce + 5456 CaC5S6 +CoSa  —C4Ss dy — dgcass
° —C456 — C5C684 —C4C + C584S6 —S485 d1 — dgS4Ss
0
L0 0 1

N
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link a; (8.2 d,‘ 9,‘
1 0 2 90° (13" | 6,
2 | (8 0 da 6,
3 8” 90° 0 03
4 | o —90° da 0,
5 0 90° 0 05
6 0 0 de [/
ci 0 s 0 c2 —S2
_1s1 0 —¢; O |82 e
Ai=10 1 o 1P 42 |0 o
0 O 0 1 0 0
cg4 0 —s4 O ¢cs O
S4 0 C4 0] 85 0
4d4= 19 1 o de |’ As 0 1
0 0 0 1 0 0
Ty Tiz T3 dg
T6 = |T21 T22 T2z dy
S =
T31 r32 raz d;
0 0 0 1
where:

20

o= OO0

862
882 .
d2 ’ A3 —
1
0
0
0 ’ AG -
1

c3

cod

o= QOO0

Ce

O = O O

863
883




r11 = cycas(cacscs — S456) — SpceS23] + s1[caSe + S4C5C6]
r12 = ¢1[—ca3(cacsSe + S4c6) + S556523) + s1[cace — S4C556]
T13 = c1[c4S5€23 + C5523] — S15455

dz = d281 + d4c1523 + dsfci1(cass5c23 + c5523) + s15455] + 8cifeas + ¢a]

re1 = —c1{caSe + sacs5ce] + 51[caz(cacsco + 5456) — S5C6S23]

raz = c1[s4csse — cace| + s1[—c23(cacsse + s4c6) + 8556523

793 = —C€15485 + S1[C4S5C23 + 5523

dy = —daey + dys1823 + dgs1(caS5c23 + €5523) — c1545] + 8s1[ca3 + ¢2]
r31 = S23(C€4C5C6 — S4S¢) + S5CaCa3

raz = —s23(cacsS6 + S4c6) — $586C23

733 = —C5C23 T+ €455523

dz =13 — d4cas + de[~c5c23 + c4S5523] + 8[s23 + 3]

| s
Xo
link a; a; ds 0;
1 0 90° 9.75 0,
2 9 0 0 0,
3 9 0 02
4 0 90° 0 04
5 0 0 5.125 0s
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3-12

ey O S1 0 c2 —83 0 9cq ¢z —s3 0 9cj
s1 0 —¢y 0 ] _|s2 ¢c2 0 9sg |83 ez 0O 9sg
Ar=19 1 o ors|’ A 0o o 1 0] MT|lo o 1 o0
L1 O 0 1 1 0 0 1 1 0 0 1
fcq 0 sq4 O cs —ss O 0
_ |54 0 —cq4 O ss ¢5 O 0
Ada=19 1 o o’ M®T|0o o0 1 512
1 O 0 1 1 0 0 1

i1 Tz iz dg

ro1 Tog roz d
TC?ZAI Az A3 A4 A5= dy
r31 T3z raz ds

0 0 0 1

where

ri1 = €1€5€234 — 5155

r12 = —C155C234 + S1C5

13 = €15234

d: = 961(62 + C23) + 5.125613234
ri2 = 8§1C5C234 — €155

22 = —S8185C234 — C1C5

r23 = 18234

dy = 9sy(ca + ca3) + 5.125515234
31 = €58234

T23 = —858234

33z = —C234

dz =9.75+ 9{82 -+ 323] — 5.125¢934

Note: In reality the Rhino Robot does not have a spherical wrist, since z4 does not intersect
za. There is an additional offset a4 which should be added for complete accuracy. For
simplicity we have not included this offset in this “academic example”.

=~ ow R

and T3 = TOT$. Therefore

1 0 0 z ri1 Ti2 Tiz dg T Ti2 i3 d:+<z

T5 — 0 1 0 y ro1 Te2 T2z dy _ | 721 T22 T23 dy +y
3 0 01 0 rz1 T32 Trag dz T3y T3z 733 dz
0 0 0 1 0 0 0 1 0 0 0 1
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3-13

K(}
link T ay 1 ay 1 d,' 91‘
1 | o 00° | dy 0,
2 | o 0 dy | 0y
3 0 90° 0 05
4 | 0 | —o0° de | 04
5 0 90° 0 05
6 | 0 0 ds | fe
[c; 0 s 0 Co
Ar=10 1 0 4| 2|0
Lo 0 o 0
[ C4 0 -84 O cs
| %4 0 C4 0 S5
Aa=19 _1 o dg |’ 4s= |
Lo 0o o0 1 0
i1 riz riz dg
6 ra1 T22 T2z d
Thn = Y
0 r31 raz raz d;
0 0 0 1
where

o= OO
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O -~ O O

- O O O

Se

S3

o = O O

—c3

O~ OO

= O O O




r11 = €1€4C5C6C23 — C15456C12 — €1€6S5512 + 81(CaS6 + S4¢5C6)
T12 = —C1C4C5C6C23C23 — €1€6S4C23 + €15556523 + 81(6466 - 053486)
T13 = €1€485C23 + €1€5523 T 518455

ra1 = C4C5C651C23 — S15456C23 — C65155523 — €1(C486 + €5C654)
T22 = —€4€55156C23 + S15556523 + €1(€55456 — C4C6)

T23 = €45155€23 + €551523 — €15435

T3] = C4C5C6523 — S456523 1T €655C12

T3y = —C4C556523 — S556C23 — €554523

€485823 — C5C23

dy = d2s) + d4c123 + de(c1c485¢23 + €1C5523 + 515485)

dy = —dacy + d4s1523 + de(—c45185¢23 + €551523)

d, = d; — d4caz + de(cas5523 — c5€23)
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