CHAPTER 2

T
@et R = [ry,rs,r3] wherer; = | r2; |. Then RTR = I implies
T3
r’frl rfrg rfrg
1 0 O
rfr; rfr; rIrz| = |0 1 0
0 0 1
rgrl I‘grz r§r3

Equating entries of the matrices shows that the column vectors of R are of unit length and

mutually orthogonal.

@or any matrices A and B, det(AT)

is orthogonal

det(A) and det(AB)

1 = det(I) = det(RTR) = det(RT)det(R) = det(R)?
which implies that
det R = +1.
2—-3 For a right-handed coordinatevsystem,@;\{x ro = rg. This implies that

N

r12723 —T13T22 =J31; —T11T23 + 713721 =732 ;

Therefore, expanding det K about column 3 gives

riy T21 T3l
det R = det T»iz T92 T32%
ri3 723 (Taz )
e N k‘ ) -~
= ‘T_31(@3:f22713‘ — ra2(r11res — r21713) + r33(riires — a1
=ra1(ra1) + ra2(rs2) + rsa(ras)’

= esf? = 1

2—4 Equation (2.1.14) is obvious. Equation (2.1.5) follows from

5

det(A)det(B). Thus if R

T11722 — T12721 = 733.
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-69 —8yp 0 Ce —8¢ 0
RZ,9R2’:¢ = { 8¢ Cy 0 S¢ Co 0
1

0 o0 0o 0 1

-cac¢ — S§Sp —CpSp —CgSy O
= | Spcy + oSy —SpSy +cg9cy O
0 0 1

L

cos(0 +¢) —sin(f+¢) O
= |sin(@+¢) cos(f+¢) O =R, o4¢
0 0 1

L

Equation (2.1.16) follows from (2.1.14) and (2.1.15) since
R,pRs _¢=R,9_9g=R,o=1.

This can also be shown by noticing that

T
Rz,o == Rz,._e .

For a rotation of # about the z axis we have
oty =1

Jo - J1 = cosf

ko - ky = cosl

ko - 51 = sinf

Jo-ky = —sind

and all other dot products are zero.

Substituting into the transformation matrix (2.1.7) gives

1 0 0
Rl= 10 cos# —sind
0 sinf cosd

For a rotation of § about the y axis we have

Jorsi=1

1o+ 11 = cosf
ko + ks = cosb
ko 1ty = —sinb

10+ k1 = sind

and all other dot products are zero.




Again using (2.1.7) gives

cosd 0 sinf
R = 0 1 0
—stnf 0 cosd
a b
2-6 Let A = [c d} € S0(3).

From Cramer’s rule and the fact that A € SO(3) we have
d —b a c
-1 _ -
=l =
which implies that a = dand b = —c.

Thus A = [‘Z _ac} with detd = 1 = a2 +Cz.

Define 6 = tan"!(c/a). Then cosf = a and sinf = c.

27
Ré:Ry, /2 Rz, w/4 Rz, /2
[ ez 0 Sy 1 0 0 ] Cr/2
= 0 1 0 0 Cﬂ-/4 —S,r/4 S7r/2
L—SW/Z 0 Cr/2 0 Sx/4 Cr/d | 0
[0 0 1 1 0 0 [0 -1 0
=0 1 0 0 1/vV2 —1/v2 1 0 0
-1 0 0 0 1/vV2 1/V2 0 0 1
[1/vV2 0 1/V2
=|1/v2 0 -1/V2
0 1 0
2-8
o o 111 0o o
R} =Ry x2Rs rjo=|0 1 0| |0 0 -1 =
-1 0 0{|0 1 O -1

—Sx/2
Cr/2

0

1




1 0 0
RS =R} R} where RI=(RHT=1(0 1/2 3/2
0 —v3/2 1/2
Therefore
1 0 0 0 0 -1 0 0 ~1
RE= 10 1/2 /3/2 01 0| = [v3/2 1/2 0
0 —v3/2 1/2 1 0 O 1/2 —v2/2 ©

- 2—11\If X is an eigenvalue of R and k is a unit eigenvector corresponding to A then, Rk = Ak.
ince R is a rotation |Rk|| = ||k||. This implies that | A |= 1, i.e., the eigenvalues of R

are on the unit circle in the complex plane. Since the characteristic polynomial of R is of
degree three at least one eigenvalue of R must be real. Hence +1 or —1 is an eigenvalue of
R. Now, since +1 = detR = A;A2A3 where {A1, Az, Az} is the set of eigenvalues of R, it
is easy to see that if —1 is an eigenvalue then {A;, A2, A3} = {-1, —1, +1}. In any case
+1 is always an eigenvalue of R.

The vector k defines the axis of rotation in the angle/axis representation of R.

2-12 L T
3 3 % 3 75
1 1 1 1
11 1, 1 1
sTV3 373 3
2-14
0 0 1 2 2 o 0o o0 1
R=Ryoo R, 4s=| 0 1 0 ;g 5@ ol = >§:£ agzl 0
- 2 2
TR(R) — 1 vz _ g
0= 008_1(—(—2)——) = cos!(-2 ) = 98.42°
r32 — ra3 0.7071068
K = 52— | rig—rs | = (0.5054481) | 1.7071068
T21 —T12 0.7071068
2-15
0 0 1
Rj = % % O [ . The direction of the z-axis is
1 1
2 V2 0
i1 = (0, %’ _ﬁ)T
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2-20

2-23

1 00
010
3 _ 112 173 __
Ho=Hs Hz =4y ¢ 1
0 00
1 0 0 -3
0 -1 0 4
3 _
H2_00—11.9
0 0 O 1

0 -1 0 O
1 0 0 .8
2 _

Hi=lo 0 1 1
0 0 0 1

0 _az ay

S(a)p = az 0 —ag

—ay a, 0
i j k
axXp=|az a4y a,
Pz Py P:

Therefore S(a)p =a x p

1 0 O
R: 90=10 0 —-1{;
01 0
0 1 -2
S(Ra)=1{~1 0 -1
2 1 0
Then
1 0 O
RS(a)RT=|0 0 -1
(0 1 0
0 1 -2
=|-1 0 -1
2 1 0

= i(aypz - azpy) —j(a:cpz -

-.5 1 O 0 0 1 0 0 -—.5
1.5 0 -1 0 0| _ |0 -1 0 15
1.1 0 0 -1 19| = |o o -1 30
1 0 O 0 1 0 O 0 1

pz —’azpy + aypz
Dy = QzPz — Az Pz
pz —alypg; + azpy

azp:ﬂ) + k(azpy - a’yp:c)-

0 -2 -1 1
S(a)=|2 0 -1|; Ra=|-2
1 1 0 -1
0 -2 -1 1 0 O
2 0 -1 0 0 1
1 1 0 0 -1 0
= S(Ra).
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2-24
Ry =T, ¢Ry,s. Then

1 —-s¢ O co
¢ ¢ —clcp O —s¢pcl
OR}

o o O
o = O

} |

-1
=z = | O
59 a0

2—-25 By direct calculation

(1 0 0 0 —kzse  kysg
I+ S(k)89 + Sz(k)ve =10 1 0} + k.sg 0 —k.sg
LO 0 1 —kyse k.sg 0
[ (—k2 — K2)vg kzkyve kok,ve
+ kzkyve (—k2 — k2)v, kykve
| ok kyk,ve (—kZ — k2)vg

Adding the three matrices and using kZ + k2 + kZ = 1 yields (2.2.16).

2-26
[—s6 0 ¢80 [cd 0O —s07 "0 0 1]
dRye/dd RT,=| 0 0 0 01 O = | 0 0 0|=S5()
| —c60 0 —s8| [s6 O < | -1 0 0]
(—s§ —cf 0] [cd s O] (0 —1 0]
dR,¢/d0 R;’:(,: cd —s6 O —s8 ¢ O = [1 0 O] =5(k)
Lo o o] [0 o0 1 0 0 0]

2-27 S(k)® = —S(k) can be verified by direct multiplication.

To show (2.5.20) we compute using Problem 2-25
dR

Eg..sm)wso+s%kygno

also from Problem 2-25
S(k)Ryx,s = S(k) + S*(k) sinf + S3(k)(1 — cosb)
= S(k) cosd + S*(k) sind

Using the fact that S3(k) = —S(k).

11




2-28

2-29

2-30

2-32

If S € SS(3) then

which can be verified using the series definition for e®. Therefore

5 (5) T =eSeS =¢S5 5=l =]

Also

det(eS) = eT7(S) = ¢% = 1

Hence ¥ € 50(3).

S(K)6 P
e =I+50+§S +§TS +...

0% 2 02
=I+S€+§S +Z!—(_S)+"'

6 6% ., 0% 9% g%
=I+S(0—-i+§+...)+5(2—!—4—!-1-'6!--*-...

=TI+ S(k) sin 0 + S?(k)(1 — cosb)
=TI+ S(k) sinf + S*(k)(vers(d)) = Ry, 6

From 2-27 we have

dR _

—5 = SK)R().-

The solution of this differential equation is

R(6) = R(0)e5 (k)8 — ¢S(k)8,

Ry = Rz, gRy, 4R, y + Ry, 4Ry, R, g + R, 4Ry, 0B, y
The first term above is just

$5(K)Rz, pRy, oRz, y = $S (k)R

The second term is
R:40S(3)Ry, 6Rz, y = 6R., 4S()RL 4Ra, Ry, 6R:, 4
= 0S(R., 4J)R}

Similarly, the third term is
R., 4Ry, 0S(i) Rz, y = ¥S(R., 4Ry, 4i) R}
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2-34

Adding the three terms and using linearity of S.5(3) gives
wd = gk + 6R. i + YR:, 4Ry, o

c¢.09¢'—5¢é
= 54,691,&-*—64,0.
¢ — Spd
po=Rp; +d
po = Rpx
0 -1 0 3 -1
=1{1 0 O 1| = 3
0 0 1 0 0
1 1 0 0 2 3
wi=wl+Rwi=j1] + |0 0 -1 ol = |0
0 01 O 1 0
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